INTRODUCTION
The purpose of this paper is to support, by a numerical example, a conjecture concerning the relation between the values of twisted adjoint L-functions associated with elliptic cusp forms and the discriminants of Hecke fields of Hilbert cusp forms, which is formulated in Doi Hida Ishii [3] . We also give several numerical examples of special values of the zeta functions D(s; f, g) associated with a primitive form f of level 5 2 and an Eisenstein series g.
Let F=Q(-N) be a real quadratic field of strict class number 1 with the Legendre symbol /=( N ). Write o for the integer ring of F. We denote by S k the space of Hilbert cusp forms of weight (k, k) with respect to SL 2 (o), S 0 k the``F-proper'' subspace of S k , the subspace of S k which consists of cusp forms not coming from Q through lifting. For an F-proper Hecke eigenform . in S k , let K . be its``Hecke field'', that is, the field generated over Q by the Fourier coefficients c(n; .) of . (here n runs over all integral ideals of F ), K + . the subfield of K . generated by c(( p); .) for all rational primes p. Then we denote by D(K . ÂK + . ) the relative discriminant of K . ÂK + . . Now the main object of study in this note is the adjoint L-function L(s, Ad( f ) /) associated with a modular form f twisted by / (see (1.2) below). When the space S 0 k is irreducible over Q as a Hecke module, a weaker form of the conjecture in [3] is as follows:
The discriminant D(K . ÂK + We note here that the only apparent relation of the forms f to . is that they lift into S k in which . resides.
In [3] , the authors could compute the L-values for f with``Neben''-type / and could not reach the L-values for``Haupt''-type f. Sturm [9] gives a general algorithm to compute L(1, Ad( f ) /). But high dimensionality of the space of level 4N 2 involved, in particular, in computing the holomorphic projection, forced us to find another method of computing the L-value.
In this paper, one numerical example of L-value associated with à`H aupt''-type f is given (see (3.6) below). Our method of calculation of the L-value is based on``Hida's identity'', which describes the relation between the special values of the zeta functions associated with two modular forms before and after lifting. The use of the identity is new in computation of such L-values, and that is the principal reason enabling us to overcome high dimensionality of the spaces involved as described above. Often in earlier calculation of such L-values, the method discovered by fundamental works of Shimura [7, 8] is used (see for example, Doi Goto [1], Doi Ishii [2] ), and we follow this line in our computation of D(m; f, g).
In Section 1, we describe Hida's identity in a manner suitably trimmed for our later use. In Section 2, we give an explicit formula of D(k&2; f, E* l, 1 ) for level 1 Eisenstein series E* l, 1 and weight k primitive form f of square prime level. In Section 3, using the results stated above, we give two kinds of numerical examples: (i) twisted adjoint L-value L(1, Ad( f ) ( 1. HIDA'S IDENTITY 1.1. We denote by H the upper half complex plane. Let us denote by G l (N) (resp. S k (N)) the space of holomorphic elliptic modular forms of weight l (resp. elliptic cusp forms of weight k) with respect to 1 0 (N). Let us take an element f of S k (N) and an element g of G l (N) with Fourier expansions
where a(n), b(n) # C, and e(z)=exp(2?iz) (z # H).
For k>l, the zeta function associated with two modular forms f and g is defined by
(1.1)
Hereafter in this paper, we assume that N is a prime#1 (mod 4).
Moreover, we assume that / is the quadratic character ( N ), corresponding to the real quadratic field F=Q(-N). Suppose that f is a primitive form. Then the twisted adjoint L-function associated with f is defined by
Here the product is taken over all rational primes p, and :
. It is known that both functions (1.1) and (1.2) can be continued to meromorphic functions on the whole s-plane, in particular, that L(s, Ad( f ) /) is finite at s=1 (cf. Shimura [6, 7] ).
, we denote by f (resp. g^) the Hilbert modular forms with respect to SL 2 (o) lifted from f (resp. g). Here o is the integer ring of F. Then the following identity holds (cf. [3] ):
Here ( , ) denote the normalized Petersson inner product, f / denotes the twist of f by /, that is, f / (z)= n=1 /(n) a(n) e(nz); B n (resp. B n, / ) denotes the n th Bernoulli number (resp. generalized Bernoulli number associated with /).
Remark. Since / is a primitive character modulo N, f / # S k (N 2 ) by Proposition 3.64 of Shimura [5] . [1, 2] . Observe that if we take the case, say, m=k&2 one can show that the function h 0 (z) in (2.5) below is a cusp form. Therefore, in the next section, we will give an explicit formula of D(m; f / , g) for m=k&2 and an Eisenstein series g.
AN EXPLICIT FORMULA OF
2.1. Hereafter we assume that l is an even integer >2. We have an Eisenstein series E* l, 1 # G l (1) given by the Fourier expansion
. In this section, we assume that f is a primitive form of conductor N 2 belonging to S k (N 2 ). Moreover, we put *=k&l&2 and assume *>2. By Theorem 2 of [7] , we obtain
By virtue of [7] , there exists a unique element h 0 of G k (N 2 ) which satisfies the identities
where
We call h 0 the holomorphic projection of E* l, 1 $ * E* *, N 2 . In this case, by (2.3), h 0 (z) is given explicitly as
We note that h 0 # S k (N 2 ). In fact, we can show that the constant term of the Fourier expansion (at ) of
First, in view of (2.5), we see that the constant term of h 0 is equal to zero. Now, noting that k=l+*+2, we let |[_] k operate on the both sides of (2.3). Then, by the formula
This
Moreover, by a simple calculation, we obtain from (2.1) and (2.5) the expression of the Fourier coefficients of h 0 (z)= m=1 t(m) e(mz)
Here a(n)=_ *&1 (nÂN)&_ *&1 (nÂN 2 ) N * and we understand _ *&1 (n)=0 if n is not an integer.
Remark. This formula shows that every t(m) is contained in Q and that its denominator contains only the prime factors of k&2, N * &1, and the numerator of B l and B * .
Now we decompose the space S k (N
2 ) into subspaces as 
, we have
Then we have ( f, h 0 ) =x 1 _( f, f). From (2.2) and (2.4), we get the following.
Lemma 2.1.
2.3. We now explain how to calculate the``x 1 .'' Let p a prime {N, and we fix it. Comparing the both sides of (2.7), we get the set of linear equations
Here c(n; f i ) denotes the n th Fourier coefficient of f i . Now we put simply : i =c( p; f i ). Then, since f 1 , ..., f d are eigenforms, we obtain c( p n ; f i )=:
Therefore, by (2.9), we get the set of linear equations
and we understand ( 
We can prove this lemma in an elementary way, but for simplicity we adopt the technical proof below.
Proof. The first equality is obvious. To show the second equality, we consider the formal power series identity
; j+1 t j , where ; j+1 = :
If we multiply both sides by
the left-hand side= :
the right-hand side= :
where we understand b k =0 if k>d. Thus, the right-hand side is actually a polynomial of degree d&1. Therefore, evaluating the both sides at t=1Â: 1 (if : 1 {0), we obtain the result. (If : 1 =0, making obvious modifications in the proof above, one can get the same result.) 2.4. Combining (2.8), (2.10), and (2.11), we obtain the following. ?
Here :=c( p; f ): the p th Fourier coefficient of f,
We note that each Fourier coefficient t( p i&2r ) of the holomorphic projection h 0 of E* l, 1 $ * E* *, N 2(* =k&l&2) is given in (2.6). 5 2 ). We use the same notation as in Proposition 2.3. Taking p=2, l=4, k=20, and N=5, we get
NUMERICAL EXAMPLES
We remark that all factors are irreducible and 8(x) has no multiple root.
On the other hand, by (2.6) each t(2 i ) (i=0, 1, 2, ..., 35) is given as
(The continuing data of t(2 i ) are listed in the last table of this article, see Table I ).
Using ( Remark. We observe that dim S 0 20 =2, and
On the other hand, the odd prime factors of the numerator of norm of L(1, Ad(h) /)Â? 20 (h, h) are 5 and 67169, where h is a primitive form of level 5, weight 20 with``Neben''-type / (for more details, see [3] ). Thus together with (3.6), we can see that the conjecture in question completely holds at least in this case. 5 2 ) is 28; each square in Fig. 1 indicates each irreducible subspace invariant under the action of Hecke operator T( p) for all prime numbers p; the number given at each side of a square is the dimension of corresponding subspace; the whole space is the direct sum of the subspaces. In particular, the characteristic polynomial of T(2) on each subspace is as follows: We remark that the space I (resp. II Ä III) is the twist of S 0 20 (1) (resp. S 0 20 (5)) by /, and the space IV / is that of the space IV. Finally, using Proposition 2.3, we give the values of the norm N K f ÂQ (x( f )) of x( f )=D(18; f, E* 4, 1 )Â? 20 ( f, f ) associated with a primitive form f in 
